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wHere we extend our previous paper L. Jentsch, D. Natroshvili, and W. Wend-
Ž . xland, J. Math. Anal. Appl. 220 1998 , 397]433 , where the mixed interface
problems were formulated. With the aid of the explicit solution for the rigid
contact problem, here the mixed interface problems are reduced to pseudodiffer-
ential equations on manifolds with boundary. We obtain uniqueness and existence
in Bessel-potential and Besov spaces. Embedding theorems yield Holder continuityÈ
Ž .with any exponent a g 0, 1r2 . Q 1999 Academic Press
INTRODUCTION
Here we consider generalized Zaremba interface problems where the
interface S is divided into two parts, S and S , whose common boundary g1 2
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wis supposed to be a smooth closed Jordan curve as described in 3, Section
x1.5 . Hence, S s S j S j g . On S and S we consider different inter-1 2 1 2
face conditions which collide at g , generating there a loss of regularity of
the solution. The screen and crack problems of elasticity are included
Ž .then S will be the screen or crack surface .2
w xThis paper continues the previous one 3 with the same title but with
the subtitle ``Basic Interface Problems.'' We continue the numbering such
that cited formulae, theorems, lemmata, and remarks numbered 1]5 can
w xbe found in the previous paper 3 and enunciations numbered 6]10 are in
this paper. The references in both works are independent.
The mixed interface problems for which we prove existence and unique-
w xness were formulated in Section 1.5 of 3 . On S we have rigid contact1
Ž .transmission condition of Problem C , whereas on S we consider Dirich-2
Ž . Ž . Ž .let Problem C-D , Neumann Problem C-N , sliding Problem C-G , or
Ž .nonsliding Problem C-H conditions. All problems we solve in the same
w xmanner. We use the explicit formula for Problem C in Section 3 of 3 . The
Ž . Ž .Cauchy data f jump of displacement and F jump of normal stress are
known on S . On S the Cauchy data are only partly known. The remain-1 2
ing part of the Cauchy data can be found by solving pseudodifferential
equations on S .2
6. PSEUDODIFFERENTIAL EQUATIONS ON MANIFOLDS
WITH BOUNDARY
In this section we shall present some principal results from the theory of
elliptic pseudodifferential equations on manifolds with boundary in
w xBessel-potential and Besov spaces. They can be found in 4, 1, 5, 6 and will
be the main tools for proving existence theorems for the mixed transmis-
sion problems.
Let M g C‘ be a compact n-dimensional manifold with boundary
› M g C‘ and let A be a strongly elliptic m = m matrix pseudodifferential
Ž .operator of order a g R on M. Denote by s x, j the principal homoge-A
neous symbol matrix of the operator A in some local coordinate system
Ž n  4.x g M , j g R _ 0 and associate with s the m = m matrix functionA
< <ya < <A x , j s j s x , j 9 h , j , 6.1Ž . Ž .Ž .0h A n
where h g Sny2 ; R ny1 with Sny2 the unit sphere in R ny1 and j 9 s
Ž .j , . . . , j .1 ny1
Ž . Ž wIt is known that the matrix A in 6.1 admits the factorization cf. 1,0h
x.4, 5, 6
A x , j s Ay x , j D h , x , j Aq x , j for x g › M ,Ž . Ž . Ž . Ž .0h h h
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w yŽ .x"1 w qŽ .x"1where A x, j and A x, j are matrices which are homoge-h h
neous of degree 0 in j and admit analytic bounded continuations with
respect to j into the lower and upper complex half-planes, respectively.n
Ž .D h, x, j is a bounded lower triangular matrix with entries of the form
Ž .d xj< <j y i j 9n
, j s 1, . . . , m ,ž /< <j q i j 9n
on the main diagonal; here
y1
d x s 2p i ln l x , j s 1, . . . , m ,Ž . Ž . Ž .j j
Ž . Ž .where l x , . . . , l x are the eigenvalues of the matrix1 m
y1
s x s s x , 0, . . . , 0, y1 s x , 0, . . . , 0, q1 .Ž . Ž . Ž .ÄA A A
The branch in the logarithmic function is chosen with regard to the
Ž . Ž .inequality 1rp y 1 - Re d x - 1rp, j s 1, . . . , m. The numbers d xj j
do not depend on the choice of the local coordinate system.
Ž .Note that if s x, j is a positive definite matrix for every x g M andA
n  4j g R _ 0 , then
Re d x s 0 for j s 1, . . . , m , 6.2Ž . Ž .j
Ž .since, in this case, the eigenvalues of the matrix s x are real positiveÄA
Ž w x.numbers for any x g M see 2, Lemma 6.4 . The Fredholm properties of
such operators are characterized by the following lemma.
w xLEMMA 6.1 1, 5, 6 . Let 1 - p - ‘, s g R, 1 F q F ‘, and let A be a
strongly elliptic pseudodifferential operator ha¤ing a positi¤e definite principal
homogeneous symbol matrix, i.e.,
2i n m< < < <z s x , j z G c z for x g M , j g R with j s 1, and z g C ,Ž .A 0
where c is a positi¤e constant. Then the operators0
Äs syaA: H M “ H M , 6.3Ž . Ž . Ž .p p
Äs sya: B M “ B M , 6.4Ž . Ž . Ž .p , q p , q
are Fredholm operators of index zero if
1rp y 1 - s y ar2 - 1rp. 6.5Ž .
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Ž . Ž .Moreo¤er, the null spaces and the indices of the operators 6.3 and 6.4 are
Ž w x.the same for all ¤alues of the parameter q g 1, q‘ pro¤ided p and s
Ž .satisfy the inequality 6.5 .
7. PROBLEM C-D
Ž . Ž .As defined in 1.13 and 1.14 , this class of mixed interface problems
generalizes screen problems of homogeneous bodies. We begin with the
Ž .uniqueness for the particular case p s 2. The case p g 1, q‘ will be
considered later on.
1 21 1Ž . Ž . Ž .LEMMA 7.1. Let u g W V and u g W V l SK V satisfy2 1 2, loc 2 m 2
Ž . Ž . Ž .Eqs. 1.2 and the homogeneous transmission conditions 1.13 and 1.14 of
rŽ1. Ž1. "Ž .problem C-D i.e., f s 0, F s 0, f s 0 . Then u s 0 in V , r s 1, 2.r
1 21 2 1 2q y 1r2 q yw x w x Ž . w x w xProof. Note that the jumps u , u g H S and Tu , Tu g2
y1r2Ž . 1r2Ž . y1r2Ž .H S . Since H S and H S are dual Hilbert spaces, we can2 2 2
Ž .apply the Green's formulae 3.1 and the arguments of the proof of
2Theorem 3.1 to establish u s 0 in V .2
The homogeneous conditions of Problem C-D and the general represen-
Ž . Ž .tation formula 2.4 see Lemma 2.8 then imply
q1 11 1u x s y G x y y , v , m Tu dS, 7.1Ž . Ž . Ž .H
S2
since
qq 11 1 y1r2Äw xu s 0 on S and Tu g H S . 7.2Ž . Ž .2 2
Ž .Real and imaginary parts of the vector function 7.1 are real analytic in
3 1 1Ž . Ž . Ž .R _ S and belong to W V l W V l SK V . The properties of2 2 1 2, loc 2 m 2
Ž . Ž . Ž .the single layer potential see Lemma 2.8 together with 7.1 , 7.2 , and
1 1q yŽ . w x w xGreen's identity 3.1 yield u s u s 0 on S and
3
11 12 iIm u Tu dS s 0 for D ) D ) 0,Ž .ÝH k D 0k
SD ks1
where S and D are the same as in the proof of Theorem 3.1. Now, byD 0
1 3Lemma 2.4 we conclude u s 0 in the domain of analyticity R _ S .2
To examine the existence we shall exploit the representation formulae
Ž . Ž .of solution 3.25 and 3.26 of Problem C and use the Fredholm properties
of pseudodifferential operators on manifolds with boundary.
JENTSCH, NATROSHVILI, AND WENDLAND422
Ž .Note that conditions 1.14 are equivalent to the following equations
on S :2
q y q y1 2 1 2q y q yw x w x w x w xu y u s f y f , u q u s f q f .
Ž .Now due to 1.24 we have
q y Ž1.f on S ,11 2 0 1y1r p 0w x w xu y u s f g B S , where f sŽ .p , p q y½ f y f on S .2
7.3Ž .
This is the compatibility condition for Problem C-D.
Ž . Ž1.In view of 1.21 , the vector F can be extended from S onto S ,1 2
y1r pŽ .preserving the functional space B S . Denote some fixed extension byp, p
0 0 y1r pŽ . 0 < Ž1.F : F g B S , F s F . Evidently, any arbitrary extension F ofSp, p 1
F Ž1. onto the whole of S which preserves the functional space can be
represented as
F s F 0 q w 7.4Ž .
Äy1r pŽ .with w g B S .p, p 2
Ž . Ž .Now we can reformulate the transmission conditions 1.13 , 1.14 of
Problem C-D in the equivalent form
q yq y 1 21 2 1 20w x w xu y u s f on S, Tu y Tu s F on S , 7.5Ž .1
q y1 2 q yw x w xu q u s f q f on S , 7.6Ž .2
0 Ž . Ž .with f and F given by 7.3 and 7.4 , respectively.
w Ž .The solution of Problem C-D will be sought in the form cf. 3.25 ,
Ž .x3.26
11 0 y1 0u x s W C F q w y C F f x , x g V , 7.7Ž . Ž . Ž .Ž .m 2 2 1
2 22 y1 0u x s W q n V F F C F q wŽ . Ž .Žm m 2 1ž /
y1 y1 0y F F CC q I F f x , x g V , 7.8Ž . Ž ..2 1 2 2 2
Äy1r pŽ . Ž .where w g B S is still to be found, n is defined by 3.4 , andp, p 2
y1y1C s C y C F F . 7.9Ž .1 2 2 1
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Ž .It is easy to check that the conditions 7.5 are satisfied automatically. It
Ž .remains only to satisfy the condition 7.6 , which leads to the CDE
q y1 2 0 y1 0 0w x w xu q u s F C F q w y C F f q F C F q wŽ .1 2 2 1
y1 0y F CC F q I f1 2 2
s fqq fy
Äy1r pŽ .on the open surface S for the unknown vector function w g B S ; in2 p, p 2
short,
r Nw s Q on S . 7.10Ž .2 2
Ž .Here the operator N is defined by 5.8 , r is the restriction operator to2
S , and the right-hand side is given by2
1 q y y1 y1 0 0Q s f q f q r F CC F q 2 I f y F CFŽ .  42 1 2 2 12
g B1y1r p S . 7.11Ž . Ž .p , p 2
LEMMA 7.2. The operators
Äs sq1r N : B S “ B S , 7.12Ž . Ž . Ž .2 p , q 2 p , q 2
Äs sq1: H S “ H S , 7.13Ž . Ž . Ž .p 2 p 2
Ž .where N is gi¤en by 5.8 , are bounded for any 1 - p - ‘ and 1 F q F ‘,
s g R. These are Fredholm operators of index zero if the conditions
1rp y 3r2 - s - 1rp y 1r2 7.14Ž .
Ž . Ž . Ž .hold. If 7.14 is fulfilled, then r N in 7.12 and 7.13 are strongly elliptic2
in¤ertible operators.
Proof. Due to Lemmata 6.1 and 5.1 it remains only to prove the last
assertion of the lemma since r N is strongly elliptic and Fredholm of index2
zero. Now we first consider the case p s 2, s s y1r2, and show that the
Ž .null space kernel of the operator
Äy1r2 Äy1r2 1r2 1r2r N : H S s B S “ H S s B SŽ . Ž . Ž . Ž .2 2 2 2, 2 2 2 2 2, 2 2
is trivial, i.e., the equation
r Nw s 0 on S 7.15Ž .2 2
Äy1r2Ž .admits only the trivial solution w s 0 g H S .2 2
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Äy1r2Ž .To this end, let w g H S be any solution of the homogeneous2 2
Ž .equation 7.15 . Then the vectors
11u x s W Cw x , x g V , andŽ . Ž . Ž .m 1
2 22 y1u x s W q n V F F Cw x , x g V ,Ž . Ž .Ž .m m 2 1 2ž /
1Ž . 1 Ž . Ž . Ž Ž ..belong to W V and W V l SK V see 1.8 , respectively, and2 1 2, loc 2 m 2
solve the homogeneous Problem C-D for the case p s 2. Therefore, by
1 2using Lemma 7.1 we deduce u s 0 in V and u s 0 in V ; hence1 2
q y1 21 2 y1Tu y Tu s C Cw y C F F Cw s w s 0.1 2 2 1
Ž .Thus for s s y1r2, p s 2, and q s 2 the equation 7.15 has only the
trivial solution. Now Lemma 6.1 completes the proof, since the principal
part of the operator N is self-adjoint and its principal homogeneous
Ž .symbol matrix s N is positive definite. Consequently, the index of N is
equal to zero and r N is invertible.2
Ž . Ž .THEOREM 7.3. Let 4r3 - p - 4 and let the conditions 1.21 , 1.22 ,
1 2Ž .and 1.24 be fulfilled. Then Problem C-D has a unique solution u, u satisfying
Ž . Ž . Ž .conditions 1.9 and which is representable in the form 7.7 and 7.8 , where
Ž .w is defined by the uniquely sol¤able CDE 7.10 .
Proof. First we note that, in accordance with Lemma 7.2, the elliptic
Ž .CDE 7.10 is uniquely solvable for 4r3 - p - 4; the latter inequality
Ž .follows from 7.14 since s s y1rp.
Ž .On the other hand, for these values of p, Eq. 7.10 is equivalent to
Problem C-D due to Theorem 3.5. Hence Problem C-D is uniquely
Ž . Ž .solvable for p g 4r3, 4 and the solution is representable in the form 7.7
Ž .and 7.8 .
Now we can prove the main regularity result for the solution of Problem
C-D.
THEOREM 7.4. Let
4r3 - p - 4 1 - t - ‘, 1 F q F ‘,
7.16Ž .1rt y 3r2 - s - 1rt y 1r2
1 21 1Ž . Ž .and let u g W V and u g W V be the m-radiating solution ofp 1 p, loc 2
Ž . Ž . Ž .Problem C-D. If , in addition to 1.21 , 1.22 , and 1.24 , we assume
Ž .i
f Ž1. g B sq1 S , f "g B sq1 S ,Ž . Ž .t , t 1 t , t 2 7.17Ž .0 sq1 Ž1. sf g B S , F g B S ,Ž . Ž .t , t t , t 1
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then
1 2sq1q1r t sq1q1r tu g H V , u g H V ; 7.18Ž . Ž . Ž .t 1 t , loc 2
Ž .ii
f Ž1. g B sq1 S , f "g B sq1 S ,Ž . Ž .t , q 1 t , q 2
7.19Ž .0 sq1 Ž1. sf g B S , F g B S ,Ž . Ž .t , q t , q 1
then
1 2sq1q1r t sq1q1r tu g B V , u g B V ; 7.20Ž . Ž . Ž .t , q 1 t , q , loc 2
Ž .iii
f Ž1. g C a S , f "g C a S , f 0 g C a S ,Ž . Ž . Ž .1 2
F 1 g B ay1 S for some a ) 0,Ž .‘ , ‘ 1
then
k b  4u g C V , k s 1, 2, with any b g 0, a , a s min 1r2, a .Ž .Ž .k 0 0
Ž . wŽ .xProof. Lemmata 2.7 and 2.9, and conditions 7.17 7.19 imply Q g
sq1Ž . w sq1Ž .x Ž .B S Q g B S , where Q is defined by 7.11 .t, t 2 t, q 2
Ž . Ž .Now, by Lemma 7.2 and conditions 7.16 we conclude that 7.10 is
Äs ÄsŽ . w Ž .xuniquely solvable and w g B S w g B S . Applying Lemma 2.8,t, t 2 t, q 2
Ž . Ž . Ž . wŽ .xTheorem 7.3, and representations 7.7 and 7.8 we find that 7.18 7.20
holds.
For the last assertion we use the embeddings
C a M s B a M ; B ay« M ; B ay« M ; B ay« MŽ . Ž . Ž . Ž . Ž .‘ , ‘ ‘ , 1 ‘ , q t , q
; C ay«yk r t M , 7.21Ž . Ž .
where « is an arbitrarily small positive number, M ; R3 is a compact
Ž .k-dimensional k s 2, 3 smooth manifold or domain with smooth bound-
ary, 1 F q F ‘, 1 - t - ‘, a y « y krt ) 0, provided a and a y « y krt
Ž . Ž .are nonintegers. From the assumption iii of the theorem and 7.21 , the
Ž . Ž .condition 7.19 follows with any s F a y « y 1. Bearing in mind 7.16
Ž .and taking t sufficiently large and « sufficiently small, we obtain 7.20
with s s a y « y 1, if a y « y 1 - 1rt y 1r2, and with arbitrary s g
Ž .1rt y 3r2, 1rt y 1r2 if a y « y 1 ) 1rt y 1r2. Now, the last embed-
Ž . Ž .ding in 7.21 with k s 3 yields b s a y « y 2rt - a in the first case
and b - 1r2 y 1rt - 1r2 in the second case, which completes the proof.
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Remark 7.5. Problem C-D includes, as a particular case, screen-type
problems for homogeneous bodies with an interior cut surface of the form
Ž .of a two-dimensional open surface similar to that of S when, on this cut2
surface, a displacement vector is given. In fact, if both elastic materials are
Ž . Ž Ž1. Ž1. .the same and conditions 1.13 on S are homogeneous f s 0, F s 0 ,1
then the surface S becomes a formal interface: the displacement vector1
Ž .satisfies the differential equation 1.2 also at points x g S , which will be1
seen in what follows. Indeed, from the representation formulae of m-
Ž . Ž .radiating solutions to Eq. 1.2 , we have cf. Lemma 2.3
1qq1 1 1 u in V ,1 1 1w xW u y V Tu sž /m m ž / ½ 0 in V ,2
and
y 0 in V ,y1 1 1 11 1w xV Tu y W u sž / 1m mž / ½ u in V ,2
1 1 1 11 1 1 1 1q y q y 3Žw x w x . Žw x w x .which implies u s W u y u y V Tu y Tu in R _ S.m m
Due to the homogeneous transmission conditions on S , the surface of1
1integration in the above potentials is only S , and obviously u is a real2
3analytic complex-valued vector function in R _ S . Therefore Problem2
C-D is converted into the following crack-type Problem D:
1 "1 13 "w xA D , v u x s 0 in R _ S , u s f on S , 7.22Ž . Ž . Ž .2 2
1 1 3 3 " 1y1r pu g W R _ S l SK R _ S , f g B S ,Ž .Ž . Ž .p 2 m 2 p , p 2
7.23Ž .
q y 1y1r pÄf y f g B S .Ž .p , p 2
It is obvious that all the results obtained in Section 7 for Problem C-D
remain true, with corresponding slight modifications, for Problem D
Ž . Ž .7.22 ] 7.23 too.
8. PROBLEM C-N
Ž . Ž .The conditions 1.15 and 1.16 correspond to interface crack problems
between interacting bodies of possibly different materials. They include, as
a special case, crack problems for homogeneous bodies. As in the previous
section, we begin with a reformulation of the problem. In particular,
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Ž . Ž .conditions 1.15 and 1.16 are reduced to
q y q y1 21 2 1 20 w x w xTu y Tu s F on S, u y u s f on S , 8.1Ž .1
q y1 21 2 q yTu q Tu s F q F on S , 8.2Ž .2
0 Ž . 0 1y1r pŽ . 0where F is defined by 1.25 and f s f q w g B S , and f gp, p
1y1r pŽ . Ž1. wB S is some extension of f from S onto the whole of S cf.p, p 1
Ä1y1r pŽ .x Ž .1.21 , while w g B S is a vector function to be determined.p, p 2
< 0 < Ž1.Clearly, f s f s f .S S1 1
w Ž .We now seek the solution to Problem C-N in the form see 3.25 and
Ž .x3.26
11 0 y1 0u x s W C F y C F f q w x , x g V , 8.3Ž . Ž . Ž .Ž .Ž .m 2 2 1
2 22 y1 0 y1u x s W q n V F F CF y F F CC q IŽ . Ž .Žm m 2 1 2 1 2ž /
y1 0=F f q w x , x g V 8.4Ž . Ž ..2 2
Ž .where C is given by 7.9 .
Ž . Ž . Ž .Obviously, conditions 1.2 , 1.9 , and 8.1 are automatically satisfied in
accordance with Theorem 3.5. It remains only to enforce the transmission
Ž .condition 8.2 , which yields the CDE for the unknown vector function w,
r Mw s Q on S , 8.5Ž .2 2
Ž .where M is defined by 4.7 and r is again the restriction operator to S .2 2
The right-hand side is given by
Q s 2y1 Fqq Fy q r C CC Fy1 f 0 y C C y 2y1I F 0Ž .  4Ž .2 1 2 2 1
g By1r p S .Ž .p , p 2
In Section 4 we already studied the operator M on the whole surface S
and showed that it is a strongly elliptic CDO of order 1 having a positive
definite principal homogeneous symbol and, consequently, having a for-
mally self-adjoint principal part; hence M is Fredholm with index zero.
Now we investigate the properties of r M on S .2 2
LEMMA 8.1. The operators
Äsq1 sr M : B S “ B S , 8.6Ž . Ž . Ž .2 p , q 2 p , q 2
Äsq1 s: H S “ H S 8.7Ž . Ž . Ž .p 2 p 2
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are bounded for any 1 - p - ‘, 1 F q F ‘, s g R. These are Fredholm
Ž . Ž .operators of index zero if the condition 7.14 is satisfied. If 7.14 is fulfilled,
Ž . Ž .then the mappings in 8.6 and in 8.7 are in¤ertible.
Proof. As in the proof of Lemma 7.2, here we have to justify only the
last statement, since all other assertions follow from Lemma 6.1. Let us
first set p s 2, s s y1r2 and prove that the operator
Ä1r2 y1r2r M : H S “ H SŽ . Ž .2 2 2 2 2
has the trivial kernel, i.e., the equation
r Mw s 0 on S 8.8Ž .2 2
Ä1r2Ž .admits only the trivial solution in H S .2 2
Ž .To this end, let w be any solution of 8.8 and set
11 y1u x s yW CC F w x , x g V , 8.9Ž . Ž . Ž .Ž .m 2 2 1
2 22 y1 y1u x s y W q n V F F CC q I F w x , x g V . 8.10Ž . Ž . Ž .Ž .m m 2 1 2 2 2ž /
1 2It is evident that u and u solve the homogeneous Problem C-N for p s 2.
2Furthermore, in the same way as in the proof of Lemma 7.1, we get u s 0
in V and2
i q1 11 1u x s T D , n y G y y x , v , m u y dS 8.11Ž . Ž . Ž . Ž . Ž .Ž .H y
S2
since
qq 11 1w xu s 0 on S and Tu s 0 on S. 8.12Ž .1
1 11 1q yŽ . Ž . Ž . w x w xEquations 8.11 and 8.12 imply see Lemma 2.8 Tu s Tu s 0 on
S, which in turn gives
1 11 1 1 1u ? Tu y Tu ? u dS s 0 with D ) r ) 0,½ 5H D 0
SD
where S and D are the same as in Lemma 7.1. Now with Lemma 2.4,D 0
1 13Ž .we deduce u x s 0 in R _ S , since u is a real analytic complex-valued2
3 Ž .vector function in R _ S due to the representation 8.11 .2
Thus we have proved that the homogeneous Problem C-N has only the
Ž . Ž .trivial solution for p s 2, which yields that the vectors 8.9 and 8.10
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vanish in V and V , respectively. Therefore we have1 2
q y1 2w x w xu y u
y1 y1 y1s yF CC F w q F F F CC q I F w s w s 0 on S,1 2 2 2 2 1 2 2
w x  4which together with Lemma 6.1 implies that ker r M s 0 . This com-2
pletes the proof.
ŽNow with quite the same arguments as in the previous section see the
.proofs of Theorems 7.3 and 7.4 we derive the following propositions.
Ž . Ž .THEOREM 8.2. Let 4r3 - p - 4 and let the conditions 1.21 , 1.22 ,
Ž .and 1.25 be satisfied. Then Problem C-N has a unique solution which is
Ž . Ž .representable in the form 8.3 and 8.4 , where w is gi¤en by the uniquely
Ž .sol¤able CDE 8.5 .
THEOREM 8.3. Let 4r3 - p - 4, 1 - t - ‘, 1 F q F ‘, 1rt y 3r2 - s
1 21 1Ž . Ž .- 1rt y 1r2 and let u g W V and u g W V be the m-radiatingp 1 p, loc 2
Ž . Ž . Ž .solution to Problem C-N. If , in addition to 1.21 , 1.22 , and 1.25 , we
assume
Ž .i
f Ž1. g B sq1 S , F Ž1. g B s S ,Ž . Ž .t , t 1 t , t 1
F "g B s S , F 0 g B s S ,Ž . Ž .t , t 2 t , t
then
1 2sq1q1r t sq1q1r tu g H V , u g H V ;Ž . Ž .t 1 t , loc 2
Ž .ii
f Ž1. g B sq1 S , F Ž1. g B s S ,Ž . Ž .t , q 1 t , q 1
F "g B s S , F 0 g B s S ,Ž . Ž .t , q 2 t , q
then
1 2sq1q1r t sq1q1r tu g B V , u g B V ;Ž . Ž .t , q 1 t , q , loc 2
Ž .iii
f Ž1. g C a S , F Ž1. g B ay1 S , F "g B ay1 S ,Ž . Ž . Ž .1 ‘ , ‘ 1 ‘ , ‘ 2
F 0 g B ay1 S for some a ) 0,Ž .‘ , ‘
then
k b  4u g C V , k s 1, 2, with any b g 0, a , a s min 1r2, a .Ž .Ž .k 0 0
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Remark 8.4. Problem C-N includes, as a particular case, crack-type
Žproblems for homogeneous bodies with interior crack surfaces similar to
.that of S , when on these crack surfaces the stress vector is given on both2
sides. In fact, if both elastic materials are the same and the conditions
Ž . Ž Ž1. Ž1. .1.15 on S are homogeneous f s 0, F s 0 , then Problem C-N1
becomes the crack Problem N:
"1 11 13 "A D , v u x s 0, x g R _ S , Tu s F on S ,Ž . Ž . 2 2
1 1 3 3 " y1r pu g W R _ S l SK R _ S , F g B S ,Ž .Ž . Ž .p , loc 2 m 2 p , p 2
q y Äy1r pF y F g B S .Ž .p , p 2
Clearly, the results obtained in Theorems 8.2 and 8.3 remain valid for the
solution of this crack Problem N.
9. PROBLEM C-G
This problem models the interaction of two elastic bodies which are
partially rigidly connected and partially in contact with sliding. The trans-
Ž . Ž . Ž .mission conditions 1.17 and 1.18 of Problem C-G together with 1.21 ,
Ž . Ž . Ž .1.23 , 1.26 , and 1.27 imply the equivalent formulation of the problem,
q y q y1 21 2 1 20 0w x w xTu y Tu s F and u ? n y u ? n s f on S, 9.1Ž .n
q y1 2w x w xu y u s f on S , 9.2Ž .1
yq 21 2w xTu ? l q Tu ? l s w q w and1 3
q y1 21 2Tu ? m q Tu ? m s w q w on S , 9.3Ž .2 4 2
0 0 Ž . Ž .where F and f are defined by 1.26 and 1.27 , respectively; moreover,n
f s f 0 n q f l q f m g B1y1r p S , f s f 0 q w , f s f 0 q c ,Ž .n l m p , p l l m m
where f 0 and f 0 are some particular extensions of the functions f Ž1. ? ll m
and f Ž1. ? m from S onto the whole of S, preserving the function space1
1y1r p Ä1y1r pŽ . Ž .B S , while w, c g B S are the only yet unknown functions.p, p p, p 2
< Ž1. < 0 <Clearly, f s f and f ? n s f s c .S S Sn 51 2 2 1Now we reformulate Problem C-G as follows: Find vector functions u
2 Ž . Ž . Ž . Ž .and u satisfying the conditions 1.2 , 1.9 and 9.1 ] 9.3 .
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w Ž . Ž . Ž .We seek the solution in the form of potentials cf. 3.25 , 3.26 and 8.3 ,
Ž .x8.4
11 0 y1 0u x s W C F y C F f q w l q c m x , x g V ,Ž . Ž .Ž .Ž .m 2 2 1
2 22 y1 0 y1u x s W q n V F F CF y F F CC q IŽ . Žm m 2 1 2 1 2ž / 9.4Ž .
y1 0=F f q w l q c m x , x g V ,Ž ..2 2
0 0 0 0 0 1y1r pŽ .where F and f s nf q lf q f m g B S are given vectors, whilen l m p, p
w and c are unknown scalar functions.
1 2 Ž . Ž . Ž .Obviously u and u satisfy automatically the conditions 1.2 , 1.9 , 9.1 ,
Ž . Ž .and 9.2 . The remaining conditions 9.3 yield the system of CDEs for
i Ä1y1r pŽ . Ž .g s w, c g B S ,p, p 2
Är Mg s Q on S , 9.5Ž .2 2
Ä i y1r pŽ . Ž . Ž .where M is defined by 4.9 and Q s Q , Q g B S is the given1 2 p, p 2
vector with
y1 y1 0 y1 0Q s 2 w q w q r C CC F f y C C y 2 I F ? l ,Ž .  4Ž .1 1 3 2 1 2 2 1
y1 y1 0 y1 0Q s 2 w q w q r C CC F f y C C y 2 I F ? m .Ž .  4Ž .2 2 4 2 1 2 2 1
ÄIn Section 4 it was established that M is an elliptic CDO of order 1
with a positive definite principal symbol matrix and has a formally self-ad-
Äjoint principal part. Thus, M is Fredholm with index zero.
The proofs of the next lemma and theorem are quite similar to those of
Lemma 8.1 and Theorems 7.3 and 7.4. Therefore we confine ourselves to
the formulation of the corresponding results.
LEMMA 9.1. The operators
Ä Äsq1 sr M : B S “ B S , 9.6Ž . Ž . Ž .2 p , q 2 p , q 2
Äsq1 s: H S “ H S , 9.7Ž . Ž . Ž .p 2 p 2
are bounded for any 1 - p - ‘, 1 F q F ‘, and s g R. These are Fredholm
Ž . Ž .operators of index zero if the conditions 7.14 are satisfied. If 7.14 is
Ž . Ž .fulfilled, then 9.6 and 9.7 are in¤ertible.
Ž . Ž .THEOREM 9.2. Let 4r3 - p - 4 and let the conditions 1.21 , 1.23 ,
Ž . Ž .1.26 , and 1.27 be fulfilled. Then Problem C-G has a unique solution which
Ž .is representable in the form 9.4 , where w and c are defined by the uniquely
JENTSCH, NATROSHVILI, AND WENDLAND432
Ž .sol¤able CDE 9.5 . If , in addition,
f Ž1. g C a S , F Ž1. g B ay1 S , w g B ay1 S ,Ž . Ž . Ž .1 ‘ , ‘ 1 j ‘ , ‘ 2
c g C a S ,Ž .5 2
F 0 g B ay1 S , f 0 g C a S ,Ž . Ž .‘ , ‘ n
j s 1, . . . , 5, for some a ) 0,
then
k bu g C V ,Ž .k
 4k s 1, 2, with any b g 0, a where a s min 1r2, a .Ž .0 0
Remark 9.3. It is now clear, in accordance with Theorems 7.4 and 8.3,
how to formulate the assumptions to obtain solutions of Problem C-G with
Ž . Ž .the properties 7.18 and 7.20 .
10. PROBLEM C-H
This problem includes the interaction of two partly rigidly connected
elastic bodies which, on the remaining contact interface, do not admit
tangential sliding, and it can be investigated in the same way as the
Ž .previous mixed transmission problems. We replace the conditions 1.19
Ž .and 1.20 by the equivalent interface conditions
q yq y 1 21 2 1 20 0w x w xu y u s f and Tu ? n y Tu ? n s F on S, 10.1Ž .n
q y1 21 2Tu y Tu s F on S , 10.2Ž .1
q y1 2w x w xu ? l q u ? l s c q c and1 3
10.3Ž .q y1 2w x w xu ? m q u ? m s c q c on S ,2 4 2
0 0 Ž . Ž .where f and F are defined by 1.28 and 1.29 , respectively; moreover,n
F s F 0 n q F l q F m g By1r p S , F s F 0 q w , F s F 0 q c ,Ž .n l m p , p l l m m
where F 0 and F 0 are some particular extensions of the functions F Ž1. ? ll m
and F Ž1. ? m from S onto the closed surface S, preserving the functional1
y1r p Äy1r pŽ . Ž .space B S , while w, c g B S are again the only yet unknownp, p p, p 2
< Ž1. < 0 <functions. Clearly, F s F and F ? n s F s w .S S Sn 51 2 2
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1 2Now Problem C-H consists of finding the vectors u and u satisfying
Ž . Ž . Ž . Ž .conditions 1.2 , 1.9 , and 10.1 ] 10.3 .
Ž . Ž .Using again the representations 3.25 and 3.26 , we look for the
solution in the form of potentials
11 0 y1 0u x s W C F q w l q c m y CC F f x , x g V ,Ž . Ž .Ž .m 2 2 1
2 22 y1 0u x s W q n V F F C F q w l q c mŽ . Žm m 2 1ž / 10.4Ž .
y1 y1 0y F F CC q I F f x , x g V ,Ž ..2 1 2 2 2
0 0 0 0 0 y1r pŽ .where f and F s F n q F l q F m g B S are given vectors,n l m p, p
while w and c are unknown scalar functions.
1 2 Ž . Ž . Ž .Evidently u and u satisfy automatically the conditions 1.2 , 1.9 , 10.1 ,
Ž . Ž . Ž .i y1r pŽ .and 10.2 , while 10.3 leads to the CDE for g s w, c g B S ,p, p 2
Är Ng s Q on S , 10.5Ž .2 2
Ä i 1y1r pŽ . Ž . Ž .where N is defined by 5.9 and Q s Q , Q g B S is the given1 2 p, p 2
vector with
y1 y1 y1 0 0Q s 2 c q c q r F CC F q 2 I f y F CF ? l ,Ž .  4Ž .1 1 3 2 1 2 2 1
y1 y1 y1 0 0Q s 2 c q c q r F CC F q 2 I f y F CF ? m .Ž .  4Ž .2 2 4 2 1 2 2 1
Ä ŽThe properties of the operator N were studied in Section 5 see Lemma
.5.1 . On the basis of these results, the following assertions can be shown in
exactly the same manner as in the proofs of Lemma 8.1 and Theorems 7.3
and 7.4.
LEMMA 10.1. The operators
Ä Äs sq1r N : B S “ B S , 10.6Ž . Ž . Ž .2 p , q 2 p , q 2
Äs sq1: H S “ H S , 10.7Ž . Ž . Ž .p 2 p 2
are bounded for any 1 - p - ‘, 1 F q F ‘, s g R. These are Fredholm
Ž . Ž .operators with index zero pro¤ided conditions 7.14 hold. If 7.14 is fulfilled,
Ä Ž . Ž .then r N in 10.6 and in 10.7 are in¤ertible.2
Ž . Ž . Ž .THEOREM 10.2. Let 4r3 - p - 4 and let conditions 1.21 , 1.23 , 1.28 ,
Ž .and 1.29 be satisfied. Then Problem C-H has a unique solution which is
Ž .representable in the form 10.4 , where w and c are defined by the uniquely
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Ž .sol¤able CDE 10.5 . If , in particular,
f Ž1. g C a S , F Ž1. g B ay1 S , c g C a S ,Ž . Ž . Ž .1 ‘ , ‘ 1 j 2
w g B ay1 S ,Ž .5 ‘ , ‘ 2
f 0 g C a S , F 0 g B ay1 S ,Ž . Ž .n ‘ , ‘
j s 1, . . . , 5, for some a ) 0,
then
k bu g C V ,Ž .k
 4k s 1, 2, with any b g 0, a where a s min 1r2, a .Ž .0 0
Remark 10.3. Note that Remark 9.3 is also valid word by word in the
case under consideration. Also note that the mixed transmission problems
C-G and C-H include, as particular cases, the boundary value problems for
homogeneous bodies with interior cuts of the form of a two-dimensional
open surface S , when on this cut surface the boundary conditions of2
Žeither Problem G or Problem H are given cf. Remarks 7.5 and 8.4; see
w x.also Remark 7.9 of 2 .
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